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122 3 Modeling the market

3.2 Projection of the invariants to the investment
horizon

In Section 3.1 we detected the invariants X,z for our market relative to the
estimation interval 7. In Chapter 4 we show how to estimate the distribution
of these invariants. The estimation process yields the representation of the
distribution of the invariants, in the form of either their probability density
function fx, . or their characteristic function ¢x, _.

In this section we project the distribution of the invariants, which we
assume known, to the desired investment horizon, see Meucci (2004).
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Fig. 3.11. Projection of the market invariants to the investment horizon

The distribution of the invariants as estimated in Chapter 4 is the same
for all the generic times ¢. Denoting as T the time the investment decision
is made, the estimation process yields the distribution of the "next step"
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invariants Xp4# #, which become known with certainty at time 7"+ 7, see
Figure 3.11. This distribution contains all the information on the market for
the specific horizon 7 that we can possibly obtain from historical analysis.

Nevertheless, the investment horizon 7 is in general different, typically
larger, than the estimation interval 7. In order to proceed with an alloca-
tion decision, we need to determine the distribution of X7, ,, where 7 is the
generic desired investment horizon. This random variable, which only becomes
known with certainty at the investment horizon, contains all the information
on the market for that horizon that we can possibly obtain from historical
analysis. Therefore our aim is determining either the probability density func-
tion fx,,,, or the characteristic function ¢x of the investment-horizon
invariants, see Figure 3.11.

Due to the specification of the market invariants it is easy to derive this
distribution. Indeed, consider first an investment horizon 7 that is a multiple
of the estimation horizon 7. The invariants are additive, i.e. they satisfy the
following relation:

XT+T,T = XT+T,? + XTJr’Tf?',;’ + -+ XT+7’,?- (360)

This follows easily from the fact that all the invariants are in the form of
differences: in the equity market (or the commodity market, or the foreign
exchange market) the compounded returns (3.11) satisfy:

Xt,T =In (Pt) —1In (Pt—T) N (361)
in the fixed-income market the changes in yield to maturity (3.31) satisfy:
Xtﬂ— = Yt — th-,-, (362)

where each entry correspond to a different time to maturity; in the derivatives
market the changes in implied volatilities (3.52) satisfy:

Xt,T =0t —O0O¢_r, (363)

where each entry refers to a specific ATMF time to expiry. Therefore we can
factor the investment-horizon difference into the sum of the estimation-interval
differences, which is (3.60).

Since the terms in the sum (3.60) are invariants relative to non-overlapping
time intervals, they are independent and identically distributed random vari-
ables. This makes it straightforward to compute the distribution of the in-
vestment horizon invariants. Indeed, as we show in Appendix www.3.2, the
investment-horizon characteristic function is simply a power of the estimated
characteristic function:

PXpyrr = <¢X“~_) ; ) (3.64)

where the characteristic function on the right hand side does not depend on
the specific time ¢. Representations involving either the investment-horizon
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pdf fx,,,, or the estimation-interval pdf fx,. can be easily derived from
this expression by means of the generic relations (2.14) and (2.15) between
the probability density function and the characteristic function, which we
report here:
ox = Flfxl, fx=F "ox], (3.65)

where F denotes the Fourier transform (B.34) and F~! denotes the inverse
Fourier transform (B.40).

Expression (3.64) and its equivalent formulations represent the projection
of the invariants from the estimation interval T to the investment horizon 7.

We remark that we formulated the projection to the horizon assuming
that the investment horizon 7 was a multiple of the estimation interval 7.
This assumption does not seem to play any role in the projection formula
(3.64). Indeed, we can drop that hypothesis, and freely use the projection
formula for any horizon, as long as the distribution of the estimated invariant
is infinitely divisible, see Section 2.7.3. If this is not the case, the expression
on the right-hand side of (3.64) might not be a viable characteristic function:
in such circumstances formula (3.64) only holds for investment horizons that
are multiple of the estimation interval.

Consider the normally distributed weekly compounded returns on a stock
(3.18) and the three-year sector of the curve with normally distributed weekly
yield changes (3.33). In other words, consider the following two market invari-

ants:
_ Ct77~_ _ In Pt —1In Pt—?
%= (35)= ) o

where v denotes the three-year sector of the curve as in (3.34). Assume that
their distribution is jointly normal:

Xz ~N(p, X)), (3.67)

2
= ( Ho »=( 9c PICIX). 3.68
" (MX), ([WX < ) (3.69)

and where (pic, 0%) are estimated in (3.20), (ux,0%) are estimated in (3.35)
and the correlation is estimated as, say,

where

p = 35%. (3.69)

From (2.157) we obtain the characteristic function of the weekly invariants:

Ox, . (w) = e™Hm3ee, (3.70)
Assume that the investment horizon, measured in years, is four and a half
weeks: . A5
T=— = —. 3.71
T T m (8.71)
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Notice that 7/7 is not an integer, but from (2.298) the normal distribution is
infinitely divisible and therefore we do not need to worry about this issue.

We are interested in the distribution of the invariants relative to the in-
vestment horizon:

Crirr InPr; —InPr
Xrgrr = v = v - . 72
o= (507 ) = (O oo .

To obtain their distribution we use (3.64) to project the characteristic function
(3.70) to the investment horizon:

z>

Bxp,., (W) =W FrogwFE, (3.73)

This formula shows that the compounded return on the stock and the change
in yield to maturity of the three-year sector at the investment horizon have a
joint normal distribution with the following parameters:

Xpgrr ~ N (%u ;2) . (3.74)

The projection formula (3.64) implies a special relation between the pro-
jected moments and the estimated moments of the invariants. As we prove in
Appendix www.3.3, when the expected value is defined the following result
holds:

B {XT+T,T} = ; E {Xtﬁ—} s (3-75)

where the right hand side does not depend on the specific date ¢t. Also, when
the covariance is defined the following result holds:

Cov {Xp 7} = ;Cov (X7}, (3.76)

where again the right hand side does not depend on the specific date t. More
in general, a multiplicative relation such as (3.75) or (3.76) holds for all the
raw moments and all the central moments, when they are defined.

In particular, we recall from (2.74) that the diagonal elements of the co-
variance matrix are the square of the standard deviation of the respective
entries. Therefore (3.76) implies:

Sd {XT+T,T} = \/FSd {X} ) (377)

where in the right hand side we dropped the specific date ¢, which does not
play a role, and we set the reference horizon 7 = 1, measuring time in years
and dropping it from the notation. This identity is known among practition-
ers as the square-root rule. Specifically, in the case of equities it reads "the
standard deviation of the compounded return of a stock at a given horizon
is the square root of the horizon times the annualized standard deviation of
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the compounded return". In the case of fixed-income securities it reads: "the
standard deviation of the change in yield to maturity in a given time span is
the square root of the time span times the annualized standard deviation of
the change in yield to maturity".

We remark that the simplicity of the projection formula (3.64) is due to the
particular formulation for the market invariants that we chose in Section 3.1.
For instance, if we had chosen as invariants for the stock market the linear
returns (3.10) instead of the compounded returns, we would have obtained
instead of (3.60) the following projection formula:

LT+7',T = diag (1 + LT+T,7') T diag (1 + LT+7’,?) -1 (378)

The distribution of Ly - in terms of the distribution of L; 7 cannot be rep-
resented in closed form as in (3.64). Similarly, the projection formula must
be adapted in an ad-hoc way for more complex market dynamics than those
discussed in Section 3.1.

We conclude pointing out that the simplicity of the projection formula
(3.64) hides the dangers of estimation risk. In other words, the distribution
at the investment horizon is given precisely by (3.64) if the estimation-horizon
distribution is known exactly. Since by definition an estimate is only an ap-
proximation to reality, the distribution at the investment horizon cannot be
precise. In fact, the farther in the future the investment horizon, the larger
the effect of the estimation error. We discuss estimation risk and how to cope
with it extensively in the third part of the book.
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3.7 Numerical Market Projection

Here we show how to perform the operations (3.65) by means of the fast
Fourier transform in the standard case where analytical results are not avail-
able. The idea draws on Albanese, Jackson, and Wiberg (2003), the proof
relies heavily on Xi Chen’s contribution.

Approximating the probability density function

Consider a random variable X with pdf fx. We approximate the pdf with
a histogram of IV bins:


Attilio
Cross-Out


Technical Appendix to Chapter 3~ T-57

fx (@)= fala, (@), (73.110)

The bins Ay, ..., Ay are defined as follows. First of all, we define the bins’

width: 9
a

h=— T3.111

7 (T3.111)

where a is a large enough real number and N is an even larger integer number.
Now, consider a grid of equally spaced points:

& =—a+h
n = —a+nh (T3.112)
En_1=a—h.

Then for n = 1,...,N — 1 we define A,, as the interval of length h that
surrounds symmetrically the point &,,:

A, = <§n—ﬁ,§n—|—ﬁ} . (T3.113)
2 2
For n = N we define the interval as follows:
An = (—a,—a—&—%} u (a—g,a] . (T3.114)

This wraps the real line around a circle where the point —a coincides with the
point a.

As far as the coefficients f,, in (73.110) are concerned, for alln =1,..., N
they are defined as follows:

1
fn= —/ f(z)dx. (T3.115)
hJa,
We collect the discretized pdf values f,, into a vector fx.

Approximating the characteristic function
We need to compute the characteristic function:

Px (w) = / e fx () da. (T3.116)
R
Using (73.110) and

% /Rg (z) 14, (z)dz ~ g (—a+nh), (T3.117)
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we can approximate the characteristic function as follows:

2
] =

dx (w) fn /R 1, (z)dx (T3.118)

n=1

fhe(Zetnh) — Z fhe T (),

2
Mz

Il
_

n

In particular, we can evaluate the approximate characteristic function at

the points:
wrzf(rfl)g, (T3.119)

obtaining:

fnhef%(rfl)(nfg)

2
WE

¢x (wr)

3
Il
—

e~ T =1 gmitr=1) (T3.120)
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F(r-1)

N
:ewi(r 1) ,—2E (r—1) §

n=1

N
— milr— 1 Z —2Zi(r—1)(n— 1)

Finally, since N is supposed to be very large we can finally write:

b (wy) = =1 hZf e~ R (r=)(n-1), (T3.121)

n=1

The discrete Fourier transform
Consider now the discrete Fourier transform (DFT), an invertible matrix
operation f — p which is defined component-wise as follows:

—HF (r=Dn-1) (T3.122)

Its inverse, the inverse discrete Fourier transform (IDFT), is the matrix oper-
ation p +— f which is defined component-wise as follows:

n ENZPG

Dr-1), (T3.123)



Technical Appendix to Chapter 3~ T-59

Comparing (73.121) with (73.122) we see that the approximate cf is a simple
multiplicative function of the DFT of the discretized pdf f.

by (wy) = ™ Vhp, (fx). (T3.124)
Now consider the random variable:
Y=X1+ -4+ Xp, (T3.125)

where Xi,..., X7 are i.i.d. copies of X. The cf of Y satisfies the identity
by = ¢%, see (3.64). Therefore

By (wr) = ™ CVTRT (p, (£x))T . (T3.126)

On the other hand, from (73.124), the relation between the cf ¢y and the
discrete pdf fy is: }
dy (wr) ~ €™ Vhp, (fy), (T3.127)

Therefore _ .
pr (fy) ~ ™= DI=DRT=1 (g (£ )T (T3.128)

The values p, (fy') can now be fed into the IDFT (73.123) to yield the dis-
cretized pdf fy of Y as defined in (73.125).





